ABSTRACT. We introduce the Sobolev-type inner product f, g =
(1 − x 2 ) α dx,
Introduction and main results.
The aim of this contribution is to derive a lower bound for the norm of the Fourier expansions in terms of orthonormal polynomials with respect to a Sobolev inner product, the well-known Cohen type inequality of approximation theory literature. For Fourier expansions in terms of classical orthogonal polynomials (Hermite, Laguerre, and Jacobi) such inequalities were proved by Dreseler and Soardi ( [4, 5] ) and Markett [8] .
Let us first introduce some notation. Given the Gegenbauer measure dμ(x) = Γ(2α + 2)/(2 2α+1 Γ 2 (α + 1)) ( |f (x)| if p = ∞. cr Now let us introduce the Sobolev-type spaces
If f, g ∈ W 2 , then we can introduce the discrete Sobolev-type inner product
where M, N ≥ 0. Notice that the linear space of polynomials with real coefficients is a linear subspace of W 2 . Thus, applying the GramSchmidt orthogonalization process to the canonical basis {x n } n≥0 , we get a sequence of orthonormal polynomials with respect to the above inner product. We denote it by { B (α) n } n≥0 (see [2, 3, 9] ). They are called Gegenbauer-Sobolev type polynomials. For M = N = 0, we get the sequence of classical Gegenbauer (ultraspherical) orthonormal polynomials that we will denote {p (α) n } n≥0 . In the sequel, we will use the notation P (α) n (x) for the nth Gegenbauer polynomial with the normalization P (α) n (1) = (α + 1) n /n!, where (a) 0 = 1 and (a) n = a(a + 1) · · · (a + n − 1), for n ≥ 1, is the standard Pochhammer symbol.
An interesting and natural question is to analyze the convergence of Fourier expansions in terms of Gegenbauer-Sobolev type orthonormal polynomials as well as to compare them with the convergence of Fourier expansions given in terms of standard Gegenbauer orthonormal polynomials. More precisely, we will study some estimates for the Sobolev norm of a projection operator associated with some balanced summation for the nth partial sum of the Fourier expansion of a function f ∈ W p , in terms of Gegenbauer-Sobolev type orthonormal polynomials. The divergence of the Fourier expansion is related to the unboundedness of the sequence of such projection operators.
Indeed, if f ∈ W 1 , then the Fourier expansion in terms of GegenbauerSobolev type polynomials is:
where
The nth Cesàro means of order δ of the Fourier expansion (2) is defined by (see [10, 
For a function f ∈ W p and a given sequence {c k,n } n k=0 of complex numbers with c n,n = 0, we define the operator T
Let us denote p 0 = (4α + 4)/(2α + 3) and its conjugate q 0 = (4α+4)/(2α+ 1). Now we formulate the main result of the manuscript. [Wp] .
. , n, and for p outside the Pollard interval
where S n denotes the Fourier projector associated with the nth partial sum of the expansion (2) .
as a consequence of Theorem 1, we get:
Corollary 2. Let α, p and δ be real numbers such that
The structure of the manuscript is as follows. In Section 2 we will present the basic background concerning some analytic properties of Gegenbauer-Sobolev type orthonormal polynomials. In Section 3 the proof of our main result (Theorem 1) is given.
Gegenbauer-Sobolev type orthogonal polynomials.
We summarize some properties of Gegenbauer-Sobolev type polynomials that we will need in the sequel (see [2, 3, 9] ). Throughout the article, positive constants are denoted by c, c 1 , . . . ; unless specified, their values may vary at every occurrence. The notation u n ∼ = v n means that the sequence u n /v n converges to 1 and notation u n ∼ v n means c 1 u n ≤ v n ≤ c 2 u n for n large enough. 
,
For the polynomials B (α) n we get the following estimate
The inner strong asymptotic behavior of B 
uniformly on compact subsets of C, α is a real number, k ∈ N ∪ 0 and J α (z) is the Bessel function of the first kind of order α. Indeed, the above formula in [12, Theorem 8.1.1] is for k = 0, but it can be shown that this formula is also true for any fixed k ∈ N.
Lemma 1.
Uniformly on compact subsets of C Proof. From (3), we have
Finally, taking the limit n → ∞ and using the fact that sin(z/n) ∼ = (z/n), from (6) we get (7). Now we will estimate the W p norms for Gegenbauer-Sobolev type orthogonal polynomials 
Proof. In order to prove the lemma, we will follow the same steps as in [12, Theorem 7.34] . From (4), for pα + p/2 − 2γ − 2 = 0, we have
and for pα + p/2 − 2γ − 2 = 0, we have
Now we will prove the lower estimates for integrals involving Gegenbauer-Sobolev type orthogonal polynomials when M = 0 and N > 0.
The proof of the other cases can be done in a similar way. According to Lemma 1 and [11, Lemma 2.1], we have
Using a similar argument as above, for 2γ = pα + p/2 − 2, we have
Finally, from (5), we obtain
Note that some of the above results appear in another framework in [7] .
Proof of Theorem 1.
For the proof of Theorem 1, we will use the test functions
where α > −1/2 and j ∈ N\{1}. By applying the operators T α,M,N n to the test functions g (α,j) n , for some j > α + 1/2 − (2α + 2)/p, we get
From (3), the Fourier coefficients of the functions g (α,j) n (x) in terms of the Gegenbauer-Sobolev type orthogonal polynomials are:
where 0 ≤ k ≤ n, and, as a convention, p 
On the other hand, from [8, formula (2.8)],
where deg Q k−1 ≤ n − 1 and
Thus,
Let n ≥ 4. Then
Since (see [1, page 359, Theorem 7.
we get
In a similar way, for k ≥ 2, using [12, (4.3.4)] and (10),
Again, from [8, 
